On harmonic quasiconformal quasi-isometries 



M. Mateljevic and M. Vuorinen 



FILE: uchm46g.tex, printed on: 2010-4-12, 0.31 



Abstract. The purpose of this paper is to explore conditions which guarantee 
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metrics. 
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1 Introduction 

Let G C be a domain and let / : G — )■ M?, f = (/i, /2), be a harmonic mapping. 
This means that / is a map from G into M? and both /i and /2 are harmonic 
functions, i.e. solutions of the two-dimensional Laplace equation 

Au = 0. (1.1) 

The Cauchy-Riemann equations, which characterize analytic functions, no longer 
hold for harmonic mappings and therefore these mappings are not analytic. Intensive 
studies during the past two decades show that much of the classical function theory 
can be generalized to harmonic mappings (see the recent book of Duren [9] and the 
survey of Bshouty and Hengartner [7]). The purpose of this paper is to continue 
the study of the subclass of quasiconformal and harmonic mappings, introduced by 
Martio in [3l] and further studied for example in [32l|33l|32[371IMl[l6l|2l[3l[l9l 
[20t [2T| [T7] . The above definition of a harmonic mapping extends in a natural way 
to the case of vector- valued mappings / : G — t- M", / = (/i, . . . , /„), defined on a 
domain G C M",n > 2. 

We first recall the classical Schwarz lemma for the unit disk 3 = {z & C : \z\ < 

1}: 

1.2. Lemma. Let / : D — t- D be an analytic function with /(O) = . Then 
\fiz)\<\z\,zeB. 

For the case of harmonic mappings this lemma has the following counterpart. 

1.3. Lemma. ([15], [9l p. 77]) Let / : D — )■ D be a harmonic mapping with 
/(O) = . Then \ f{z)\ < -tan~^|2;| and this inequahty is sharp for each point z eB) . 
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The classical Schwarz lemma is one of the cornerstones of geometric function the- 
ory and it also has a counterpart for quasiconformal maps ( [H [261 IHl US] ) • Both for 
analytic functions and for quasiconformal mappings it has a form that is conformally 
invariant under conformal automorphisms of © . 

In the case of harmonic mappings this invariance is no longer true. In general, if 
: D — )■ D is a conformal automorphism and /:©—)■ D is harmonic, then o / is 
harmonic only in exceptional cases. Therefore one expects that harmonic mappings 
from the disk into a strip domain behave quite differently from harmonic mappings 
from the disk into a half-plane and that new phenomena will be discovered in the 
study of harmonic maps. For instance, it follows from Lemma [1.21 that holomorphic 
functions in plane do not increase hyperbolic distances. In general, planar harmonic 
mappings do not enjoy this property. On the other hand, we shall give here an 
additional hypothesis under which the situation will change, in the plane as well 
as in higher dimensions. It turns out that the local uniform boundedness property, 
which we are going to define, has an important role in our study. 

For a domain G C M", tt, > 2, x, |/ e G, let 

rdx, y) = 1 ,, ■ where d(x) = d(x, dG) = infill; — xl : z G dG} . 

mm|a(a;), d{y)} 

If the domain G is understood from the context, we write r instead re- This quantity 
is used, for instance, in the study of quasiconformal and quasiregular mappings, cf. 
[15] . It is a basic fact that [ISj Theorem 18.1] for n > 2,K > 1,C2 > there 
exists Ci G (0, 1) such that whenever f : G ^ fG is a i^- quasiconformal mapping 
with G,fG C M" then x,y E G and rc^x^y) < Ci imply rfG{f{x),f{y)) < C2. 
We call this property the local uniform boundedness of / with respect to re ■ Note 
that quasiconformal mappings satisfy the local uniform boundedness property and 
so do quasiregular mappings under appropriate conditions; it is known that one 
to one mappings satisfying the local uniform boundedness property may not be 
quasiconformal. We also consider a weaker form of this property and say that 
/:(?—)■ fG with G, fG C M" satisfies the weak uniform boundedness property on 
G (with respect to ) if there is a constant c > such that rdx, y) < 1/2 implies 
''^ foif {x) , f (y)) < c. Univalent harmonic mappings fail to satisfy the weak uniform 
boundedness property as a rule, see Example 12.71 below. 

We show that if / : G — t- fG is harmonic then / is Lipschitz w.r.t. quasihyper- 
bolic metrics on G and fG if and only if it satisfies the weak uniform boundedness 
property; see Theorem 12.191 The proof is based on a higher dimensional version 
of the Schwarz lemma: harmonic maps satisfy the inequality fl2.15p below. An in- 
spection of the proof of Theorem 12.191 shows that the class of harmonic mappings 
can be replaced by OC^ class defined by (13. ip (see Section 3 below) and it leads to 
generalizations of the result; see Theorem 13.31 

Another interesting application is Theorem 12.221 which shows that if / is a har- 
monic i^-quasiregular map such that the boundary of the image is a continuum 
containing at least two points, then it is Lipschitz. In Subsection 12. 5[ we study 
conditions under which a qc mapping is quasi isometry with respect to the corre- 
sponding quasihyperbolic metrics; see Theorems 12.251 and 12.311 In particular, using 
a quasiconformal analogue of Koebe's theorem, cf. j4], we give a simple proof of the 
following result, cf. [301 133]: if D and D' are proper domains in and h : D ^ D' 
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is i^-qc and harmonic, then it is bi-Lipschitz with respect to quasihyperbohc metrics 
on D and D' . 

The results in this paper may be generahzed into various directions. One direc- 
tion is to consider weak continuous solutions of the p-Laplace equation 

div{\Vu\^~'^Vu) = l<p<oo, 

so called p-harmonic functions. Note that 2-harmonic functions in the above sense 
are harmonic in the usual sense. 

It seems that the case of the upper half space is of particular interest, cf. 
[371 ESI IISI E]- In Subsection 12. 6[ using Theorem 3.1 [23] we prove that if h is 
a quasiconformal p-harmonic mapping of the upper half space H" onto itself and 
/i(oo) = oo, then h is quasi-isometry with respect to both the Euclidean and the 
Poincare distance. 

2 Lipschitz property of harmonic maps w.r.t. quasi- 
hyperbolic metrics 

2.1 Hyperbolic type metrics 

Let E"(a;, r) = {z : \z - x\ < r}, r) = ^^"(x, r) and let B", 5""^ stand 

for the unit ball and the unit sphere in R"', respectively. Sometimes we write D 
instead of B^. For a domain G C let p : G — )■ (0, oo) be a continuous function. 
We say that p is a weight function or a metric density if for every locally rectifiable 
curve 7 in G, the integral 

= I p{x)ds 

exists. In this case we call ^^(7) the p-length of 7. A metric density defines a metric 
dp : G X G — )■ (0, 00) as follows. For a,b E G, let 

dp{a,b) = inf /p(7) 

7 

where the infimum is taken over all locally rectifiable curves in G joining a and 
b. For a fixed a,b G G , suppose that there exists a dp-length minimizing curve 
7 : [0, 1] -> G with 7(0) = a, 7(1) = b such that 

dp(a,6) = Zp(7|[0,t]) + Zp(7|[t, 1]) 

for all t G [0, 1] . Then 7 is called a geodesic segment joining a and 6 . It is an easy 
exercise to check that dp satisfies the axioms of a metric. For instance, the hyperbolic 
(or Poincare) metric of the unit ball B" and the upper half space H" = {a; G : 
Xn > 0} are defined in terms of the densities p{x) = 2/(1 — and p(x) = 1/xn , 
respectively. It is a classical fact that in both cases the length-minimizing curves, 
geodesies, exist and that they are circular arcs orthogonal to the boundary [6]. In 
both cases we have even explicit formulas for the distances: 

sinh^g:^ = ^ k-l/l (2.1) 
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and 

I 1 2 

coshpHn(x,y) = 1+ , x,yGH". (2.2) 

Because the hyperbolic metric is invariant under conformal mappings, we may 
define the hyperbohc metric in any simply connected plane domain by using the 
Riemann mapping theorem, see for example [21]. The Schwarz lemma may now be 
formulated by stating that an analytic function from a simply connected domain 
into another simply connected domain is a contraction mapping, i.e. the hyperbolic 
distance between the images of two points is at most the hyperbolic distance between 
the points. The hyperbolic metric is often the natural metric in classical function 
theory. For the modern mapping theory, which also considers dimensions n > 3 , 
we do not have a Riemann mapping theorem and therefore it is natural to look for 
counterparts of the hyperbolic metric. So called hyperbolic type metrics have been 
the subject of many recent papers. Perhaps the most important of these metrics are 
the quasihyperbolic metric kc and the distance ratio metric jc of a domain G C M" . 
They are defined as follows. 

2.3. The quasihyperbolic and distance ratio metrics. Let G C be 

a domain. The quasihyperbolic metric kc is a particular case of the metric dp when 
p{x) = ^(^J^QQ^ (see [131 1121 US])- It was proved in [12] that for given x,y E G , there 
exists a geodesic segment of length kdx, y) joining them. The distance ratio metric 
is defined for x,y E G by setting 



jcix, y) = log(l + rcix, y)) = log(l + 



\x - y\ 



mm{d{x) , d{y)} 
where re is as in the Introduction. It is clear that 

3G{x,y) < rcix.y) . 

Some applications of these metrics are reviewed in [36] . The recent PhD theses [27] , 
[29] study the quasihyperbolic geometry or use it as a tool. 



2.4. Lemma. (Ii3|. (3.4), Lemma 3.7]) Let G be a proper subdomain of 

(a) If x,y E G and \y — x\ < d{x)/2, then kc^x, y) < 2jc{x, y) . 

(b) For x,y eG we have k^x, y) > jg{x, y) > log (l + 

2.2 Quasiconformal and quasiregular maps 



2.5. Maps of class ACL and ACL". For each integer k = 1, ...,n we denote 
Rl~^ = {x e : Xk = 0}. The orthogonal projection : M^"\ is given by 

^k-X X X]^ . 

Let J = {x G M"" : < Xk < 6^} be a closed n- interval. A mapping / : 
/ — )■ is said to be absolutely continuous on lines (ACL) if / is continuous and 
if / is absolutely continuous on almost every line segment in /, parallel to the 
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coordinate axes. More precisely, if Ek is the set of all x G Pkl such that the function 
t I— )■ u{x + tck) is not absolutely continuous on [0^,6^], then m„_i(£'fc) = for all 
l<k<n. 

If Q is an open set in M", a mapping / : — t- R*" is absolutely continuous if 
/|/ is ACL for every closed interval I G Q. HQ and Q' are domains in R , a 
homeomorphism / : f2 — )■ fi' is called ACL if f\Q \ {00, /~^(cxd)} is ACL. 

If / : i7 — 7- R"^ is ACL, then the partial derivatives of / exist a.e. in Q, and they 
are Borel functions. We say that / is ACL" if the partials are locally integrable. 

2.6. Quasiregular mappings. Let G C R" be a domain. A mapping 
/ : G — 7- R" is said to be quasiregular (qr) if / is ACL" and if there exists a constant 
K > 1 such that 

\f{x)r < KJf{x) , = max|/(x)/i| , 

|h|=i 

a.e. in G. Here f'{x) denotes the formal derivative of / at a; , The smallest K > 1 
for which this inequality is true is called the outer dilatation of / and denoted by 
K o{f)- If / is quasiregular, then the smallest K >1 for which the inequality 

Jf{x) < KlU\x)r , l{f'{x)) = min \f{x)h\ , 

\h\=i 

holds a.e. in G is called the inner dilatation of / and denoted by K i{f ). The 
maximal dilatation of / is the number K{f) = ma.x{ K j{f), K o{f) }■ If K{f) < 
K, then / is said to be K- quasiregular (K-qi). If / is not quasiregular, we set 
Ko{f) = Kj{f) = K{f) = 00. 

Let Qi and ^2 be domains in R" and fix i^T > 1 . We say that a homeomorphism 
/ : l^i — 7- ^2 is a i^-quasiconformal (qc) mapping if it is i^'-qr and injective. Some 
of the standard references for qc and qr mappings are [11], [26], [13], and [15]. 
These mappings generalize the classes of conformal maps and analytic functions 
to Euclidean spaces. The Kiihnau handbook [25j contains several reviews dealing 
with qc maps. It should be noted that various definitions for qc maps are studied 
in [13]. The above definition of if-quasiconformality is equivalent to the definition 
based on moduli of curve families in [l3l p. 42]. It is well-known that qr maps 
are differentiable a.e., satisfy condition (N) i.e. map sets of measure zero (w.r.t. 
Lebesgue's n-dimensional measure) onto sets of measure zero. The inverse mapping 
of a i^-qc mapping is also i^T-qc. The composition of a i^i-qc and of a -ft'2-qc map 
is a KiK2-qc map if it is defined. 

2.3 Examples 

We first show that, as a rule, univalent harmonic mappings fail to satisfy the local 
uniform boundedness property. 

2.7. Example . The univalent harmonic mapping / : — > /(H^) , f{z) = 
arg z + i Imz, fails to satisfy the local uniform boundedness property with respect to 
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Let zi = pe™l^^ Z2 = pe^^'^^'^, wi = f{zi) and W2 = f{z2). Then r]H[2(-2i, ^2) = 2 
and r fTis2{wi,W2) = if p is small enough and we see that / does not satisfy the 
local uniform boundedness property. 

2.8. Example. The univalent harmonic mapping / : — )■ , f{z) = 

Re zlmz+i Imz, fails to satisfy the local uniform boundedness property with respect 

to re2 . 

For a harmonic mapping f{z) = h{z) +g{z) , we introduce the following notation 

Xfiz) = \h'iz)\ - \g'iz)\ , Afiz) = \h'iz)\ + \g'iz)\ and uiz) = g'{z)/f'iz). 

The following Proposition shows that a one to one harmonic function satisfying 
the local uniform boundedness property need not be quasiconformal. 

2.9. Proposition . The function f{z) = log(|2;p) + 2iy is a univalent 

harmonic mapping and satisfies the local uniform boundedness property, but / is 

not quasiconformal on V = {z : x > 1,0 < y < 1}. 

Proof. It is clear that / is harmonic in 11"^ = {z : Rez > 0}. Next f{z) = 

h{z) + g{z), where h{z) = \ogz + z and g{z) = logz — z. Since h'{z) = 1 + 1/z and 

g'{z) = —1 + l/z, we have \i^{z)\ < 1 for 2; G n+. 

Moreover, / is quasiconformal on every compact subset D C 11"'" and A/, A/ are 
bounded from above and below on D. Therefore / is a quasi-isometry on D and by 
Theorem 12. 191 below. / satisfies the local uniform boundedness property on D. 

From now on we consider the restriction of f to V = {z = x + iy : x > 1,0< 
y < 1}. Then fV = {w = {u, v) : u > log(l + v^/A), < v < 2} . 

We are going to show that: 

• / satisfies the local uniform boundedness property, but / is not quasiconformal 
on V . 

We see that / is not quasiconformal on V , because \i^{z)\ 1 as z 00, z & V . 

For s > 1, define Vs = {z : 1 < x < s,0 < y < 1}. Note that / is qc on Vs 
and therefore / satisfies the property of local uniform boundedness on Vg for every 
s > 1. 

We consider separately two cases. 

Case A. z G . If r > 1 is big enough, then d{z, dVr) = d{z, dV) and d[f{z), df{Vr)) = 
d{f{z),df{V)) and therefore / satisfies the property of local uniform boundedness 
on V4 with respect to ry. 

Case B. It remains to prove that / satisfies the property of local uniform bound- 
edness on \ V4 with respect to ry. 

Observe first that for z,zi E V and \zi\ > \z\ > 1 , we have the estimate 

log (^-j^^ < - 1 < ki - ^1, 

and therefore for z,zi E V 

\fiz^)~f{z)\<A\z,-z\. (2.10) 
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We write 

dV = [1,1 + i] ^ AU B ; A = {{x,0) : X > 1} , B = {{x,l) : X > 1} . 

Then 

difV) = fidV) C /[1, 1 + z] U if A) U ifB) 
and by the definition of / we see that 

/A = {(x, 0) : X > 0} , fB = {{x,2):x> log 2}, /[1, 1 + C [0, log 2] x [0, 2] . 

Clearly ior w E fV 

d{w) = mm{d{w, fA), d{w, fB), d{w, /[1, 1 + i])} , 

and for Kew > 1 + log 2 and w G fV , we find 

d{w) = mm{d{w, fA), d{w, fB)} . (2.11) 

For z G \ V4 we have Iief{z) > log(16) > 1 + log 2 and therefore, in view of the 
definition of /, fl2:TTD yields d{f{z)) = 2d{z). This together with fl2:T0|) shows that 
/ satisfies the property of local uniform boundedness on \ V4. □ 

2.4 Higher dimensional version of Schwarz lemma 

Before giving a proof of the higher dimensional version of the Schwarz lemma for 
harmonic maps we first establish some notation. 

Suppose that h : B (a, r) — )■ M" is a continuous vector- valued function, harmonic 
on B^{a, r), and let 

M: = snp{\hiy) - hia)\ : y G S--\a,r)}. 

Let h = {h}, h"^, . . . , k^). A modification of the estimate in [HI Equation (2.31)] 
gives 

r\Vh^{a)\<nMl, k = l,...,n. 

We next extend this result to the case of vector valued functions. See also [8] 
and O Theorem 6.16]. 

2.12. Lemma. Suppose that h : 'B^[a,r) — t- M" is a continuous mapping, 
harmonic in B'^{a, r). Then 

r\h'{a)\ <nM*. (2.13) 
Proof. Without loss of generality, we may suppose that a = and h{0) = 0. 

Let 

K{x,y) = Ky{x) 

where Un is the volume of the unit ball B" in M". 
Then 

h{x)=l K{x,t)h{t)da, xG5"(0,r), 



^2 _ 




\x\ 


2 


nunr\ 


\x 




y\ 


\n 



where da is the (n — l)-dimensional surface measure on S*" ^(0,r). 
A simple calculation yields 



n+2 



Hence, for 1 < j < we have 

-^(0,0 



Let f] G S*""^ be a unit vector and |^| = r. For given it is convenient to write 
K^{x) = K{x,^) and consider as a function of x. 
Then 

Since 1(^,77)1 < l^ll^^l =r, we see that 

\K{0)r]\ < , and therefore \VK^{0)\ < ^ 



This last inequality yields 

\h'mv)\< [ \VKy{0)\\h{y)\da{y)< 



and the proof is complete. □ 

Let G C M", be a domain, let /i : G — t- M" be continuous. For x G G let 
= irf(x)) and 

= Uh{x) = snp{\h{y) - h{x)\ : y G 5,}. (2.14) 
If /i is a harmonic mapping, then the inequality ( I2.13P yields 

^d{x)\h'{x)\ <nujh{x), xeG. (2.15) 
We also refer to ( I2.15p as the inner gradient estimate. 



2.5 Harmonic quasiconformal quasi-isometries 

For our purpose it is convenient to have the following lemma. 

2.16. Lemma. Let G and G' he two domains in M", and let a and p be two 

continuous metric densities on G and G' , respectively, which define the elements of 
length ds = a{z)\dz\ and ds = p{w)\dw\, respectively; and suppose that f : G ^ G' , 
is a C^-mapping. 

a) If there is a positive constant Ci such that p{f{z)) \f'{z)\ < Ci cr{z), z & G , then 

dpifiz2), fizi)) < Ci d^{z2, Zi), Zi,Z2E G. 

b) If f{G) = G' and there is a positive constant C2 such that p{f{z))l{f'{z)) > 
02 cr{z), z eG , then dp{f{z2), f{zi)) > C2 d„{z2, Zi), Zi,Z2eG 
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The proof of this result is straightforward and it is left to the reader as an 
exercise. 

2.17. Pseudo-isometry and a quasi-isometry. Let / be a map from a 
metric space {M^du) into another metric space {Njd^). 

• We say that / is a pseudo-isometry if there exist two positive constants a and 
b such that for all x,y E M, 

a~^dM{x, y)-h< d^ifix), f{y)) < admix, y). 

• We say that / is a quasi-isometry or a bi-Lipschitz mapping if there exists a 
positive constant a > 1 such that for all x,y E M, 

a~^dM{x,y) < dN{f{x), fiy)) < admix, y). 

For the convenience of the reader we begin our discusssion for the unit disk case. 

2.18. Theorem. Suppose that /i : D — t- is harmonic and satisfies the 
weak uniform boundedness property. 

(c) Then h : (D, ko) — )■ {h(J])), kh{o)) is Lipschitz. 

(d) If, in addition, h is a qc mapping, then h : (D, ko) — t- (/i(ID)), kh(j]))) is a quasi- 
isometry. 

Proof. The part (d) is proved in [33] . 

For the proof of part (c) fix s G D and y E = B[x, \d{x)). Then diy) > \d{x) 
and therefore r{x,y) < 1/2. By the hypotheses \h{y) — h{x)\ < cd{h{x)). The 
Schwarz lemma, applied to , yields in view of fl2.14p 

^d{x)\h'{x)\ < 2M^ < 2cd{h{x)) 

The proof of part (c) follows from Lemma 12. 161 □ 

A similar proof applies for higher dimensions; the following result is a general- 
ization of the part (c) of Theorem 12.181 . 

2.19. Theorem. Suppose that G is a proper subdomain ofW^ and h : G —> M" 
is a harmonic mapping. Then the following conditions are equivalent 

(1) h satisfies the weak uniform boundedness property. 

(2) h : {G, kc) -> ih{G), kh(G)) is Lipschitz. 
Proof. Let us prove that (1) implies (2). 

By the hypothesis (1) / satisfies the weak uniform boundedness property: for 
every x E G and t E B^ 

\fit)-fix)\<C2difix)). (2.20) 

This inequality together with Lemma [2.121 gives d{x)\f'{x)\ < csd{f{x)) for every 
X E G. Now an application of Lemma [2. 161 shows that (1) implies (2). 
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It remains to prove that (2) implies (1). 

Suppose that / is Lipschitz with the multiphcative constant C2. Fix x,y G G 
with rG{x,y) < 1/2. Then |?/ — x| < d{x)/2 and therefore by Lemma [2^ 

kcix^y) < 2jGix,y) < 2rG{x,y) < 1. 

Hence kcifx, fy) < C2. Since jcifx, fy) < kdfx, fy) < C2, we find jo'ifx, fy) = 
log(l + rc'ifx, fy)) < C2 and therefore rc'ifx, fy) < e^^ — 1. □ 

Since f~^ is qc, an apphcation of [121 Theorem 3] to /^^ and Theorem 12.191 give 
the following corollary: 

2.21. Corollary. Suppose that G is a proper subdomain of M", h : G hG 
is harmonic and K-qc. Then h : (G, kc) — )■ {h{G), kh{G)) ^'s a pseudo-isometry. 

In Example 11.4] (see also [SI Example 3.10]), it is shown that the analytic 
function / :D^G,G = D\ {0}, f{z) = expl{z + l)/{z - 1)) , /(D) = G, fails to be 
uniformly continuous as a map 

f:{B,ko)^{G,kG). 

Therefore bounded analytic functions do not satisfy the weak uniform boundedness 
property in general. The situation will be different for instance if the boundary of 
the image domain is a continuum containing at least two points. Note that if kc is 
replaced by the hyperbolic metric Xg of G, then / : (D, ko) — )• (G, Ac) is Lipschitz. 

2.22. Theorem. Suppose that G C M", / : G ^ is K-qr and G' = /(G). 
Let dG' be a continuum containing at least two distinct points. If f is a harmonic 
mapping, then f : (G, fc^) — ^ (G', kG') is Lipschitz. 

Proof. Fix X e G and let = 5"(x, rf(x)/4). If \y - x\ < c/(x)/4, then 
d{y) > 3d{x)/4: and therefore, 

, , A\y — x\ 
^«^^'"^^3^- 

Because jG{x,y) = log(l + rG{x,y)) < rG{x,y), using Lemma [2^ a). we find 

kGiy,x)<2jGiy,x)<2/3<l. 

By [121 Theorem 12.21] there exists a constant C2 > depending only on n and 
K such that 

kG'ifyJx) < C2max{kG{y,x)'',kG{y,x)},a = K^'^^-''\ 
and hence, using Lemma [2^ b) and kG{y,x) < 1, we see that 

\fy - fx\ < e'^'difx), i.e. = iOf{x) < e^^ d{fx). (2.23) 
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By fl2J[5|) applied to = rf(x)/4), we have 



^d{x)\f'{x)\<2M, 
and therefore using the inequahty fl2.23p . we have 

\d{x)\f{x)\<2cd{f{x)), 

where c = e^^ ; and the proof follows from Lemma I2.16[ □ 

The first author has asked the following Question (cf. [33]: Suppose that G C M" 
is a proper subdomain, / : G — )■ R"" is harmonic K-qc and G' = /(G). Determine 
whether / is a quasi-isometry w.r.t. quasihyperbolic metrics on G and G'. This is 
true for n = 2 (see Theorem 12.261 below). It seems that one can modify the proof 
of Proposition 4.6 in [l2] and show that this is true for the unit ball if n > 3 and 
K < 2''~\ cf. also [20]. 



2.6 Quasi-isometry in planar case 

Astala and Gehring [4J proved a quasiconformal analogue of Koebe's theorem, stated 
here as Theorem 12. 24[ These concern the quantity 

aj{x) = af,G{x) := exp ( -r^-r / iogJf{z)dz] ,x G G, 

associated with a quasiconformal mapping / : G — i- /(G) C M"; here J/ is the 
Jacobian of f ; while stands for the ball B[x] d{x,dG); and {B^l for its volume. 



2.24. Theorem[¥]. Suppose that G and G' are domains in i?"; If f : G ^ G' 
is K- quasiconformal, then 

l d{fx,dG') ^ difx^G^ 
c dix,dG) -"^'^^^)-^rf(x,9G) ' 
where c is a constant which depends only on K and n. 

Let Q G M" and = [0, oo). U f,g : Q ^ and there is a positive constant 
c such that 

^gix) < f{x) < cg{x) , xen, 

we write f ^ g on Q. 

Our next result concerns the quantity 



— j Jf{z)dz,x&G, 



associated with a quasiconformal mapping f : G ^ f{G) C M"; here Jf is the 
Jacobian of / ; while B^ stands for the ball B{x, d{x, dG)/2 and {B^l for its volume. 
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Define 



A 



f,G - 



7,G • 



2.25. Theorem. Suppose f : Q ^ Q' is a qc homeomorphism. The 
following conditions are equivalent: 

a) f is bi-Lipschitz with respect to quasihyperbolic metrics on Q and Q' , 

b) ^ d^/d, 

d) ^/Tf^ Af, 




In [36], using Geliring's result on the distortion property of qc maps (see \10\ . 
p. 383; |13], p. 63), the first author gives short proofs of a new version of quasiconfor- 
mal analogue of Koebe's theorem; it is proved that Af ^ d^:/d. 

By Theorem 12.241 a/ ~ d^:/d and therefore b) is equivalent to c). The rest of the 
proof is straightforward. □ 

If Q is planar domain and / a harmonic qc map, then we proved that the condition 
d) holds. 

The next theorem is a short proof of a recent result of V. Manojlovic [^,see 
also [33] . 

2.26. Theorem. Suppose D and D' are proper domains in M^. If h : D ^ D' 

is K- qc and harmonic, then it is bi-Lipschitz with respect to quasihyperbolic metrics 
on D and D' . 

Proof. Without loss of generality, we may suppose that h is preserving orien- 
tation. Let z & D and h = f + g he a local representation of h on B^, where / and 
g are analytic functions on B^, Ah{z) = \ f'{z)\ + \g'{z)\, Xh{z) = \f'{z)\ — \g'{z)\ and 



Since h is K- qc, we see that 




where d{x) 




{i-e)\ff<j,<K\f 



(2.27) 



on Bz and since log |/'(C)| is harmonic. 




Hence, using the right hand side of fl2.27p . we find 




(2.28) 



logv^|/'(^)|. 



(2.29) 



Hence, 
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and in a similar way using the left hand side of fl2.27p , we have 



VT^\f'{z)\<ah,D{^). 
Now, an application of the Astala-Gehring result gives 

, , , d{hz,dD') ^ , , 

This pointwise result, combined with Lemma 12.161 (integration along curves), 
easily gives 

kD'{h{zi), h{z2)) X koizi, Z2), Zi, Z2 e D . 

□ 

Note that in [30] the proof makes use of the interesting fact that log^ is a 
subharmonic function; but we do not use it here. 

Define mf{x, r) = min{|/(x') — f{x) | : |x' — x| = r}. 

Suppose that G and G' are domains in M": If / : G — > G" is K- quasiconformal; 
by the distortion property we find mf(x,r) > a(x)r^/". Hence, as in [20] and [36] , 
we get: 

2.30. Lemma. If f & C^'^ is a K— quasiconformal mapping defined in a 
domain C M" (n > 3), tlien 

jf{x) > 0, X G n 

provided that K < 2"^^. The constant 2"~^ is sharp. 

2.31. Theorem. Under the hypothesis of the lemma, if G G Q, then f is 
bi-Lipschitz with respect to Euclidean and quasihyperbolic metrics on G and G' = 
fiG). 

Proof. Since G is compact J/ attains minimum on G at a point xq G G. By 
Lemma r2.30[ = J/ > and therefore since / G C^'^ is a K— quasiconformal, we 
conclude that functions | f^,, \, ^ < k < n are bounded from above and below on G; 
hence / is bi-Lipschitz with respect to Euclidean metric on G. 

By Theorem 12.241 we find a/^c ~ d^/d, where d{x) = d{x,dG) and d^,{x) = 
d{f{x),dG'). Since we have here ~ a/, we find ~ d^:/d on G. An 

application of Theorem 12.251 completes the proof. □ 



2.7 The upper half space W^. 

Let H" denote the half-space in M". If D is a domain in M", by QCH{D) we denote 
the set of Euclidean harmonic quasiconformal mappings of D onto itself. 

In particular if a; G M.^, we use notation x = {xi,X2,Xs) and we denote by 
dxkf = fx,, the partial derivative of / with respect to Xk ■ 

A fundamental solution in space of the Laplace equation is j^. Let Uq = ^^l^s] ' 
where 63 = (0, 0, 1). Define h{x) = {xi + eif/o, X2 + e2Uo, X3). It is easy to verify that 
h G QGH{M.^) for small values of ei and £2- 
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Using the Herglotz representation of a nonnegative harmonic function u (see 
Theorem 7.24 and Corollary 6.36 [5J), one can get: 

Lemma A. If m is a nonnegative harmonic function on a half space H", contin- 
uous up to the boundary with m = on H", then u is (affine) linear. 

In [33], the first author has outlined a proof of the following result: 

Theorem A. If is a quasiconformal harmonic mapping of the upper half space 
H" onto itself and h{oo) = oo, then h is quasi-isometry with respect to both the 
Euclidean and the Poincare distance. 

Note that the outline of proof in [33] can be justified by Lemma A. 

We show that the analog statement of this result holds for p-harmonic vector 
functions (solutions of p-Laplacian equations) using the mentioned result obtained 
in the paper [23], stated here as: 

Theorem B. If m is a nonnegative p-harmonic function on a half space H", 
continuous up to the boundary with m = on H", then u is (affine) linear. 

2.32. Theorem. If h is a quasiconformal p-harmonic mapping of the upper 
half space H" onto itself and h{oo) = oo, then both h : (H", | • |) — )■ (H'^, | ■ |) and 
h : (EI",pe") — ^ (EI",ph") are bi-Lipschitz where p = pe™ is the Poincare distance. 

Since 2-harmonic mapping are Euclidean harmonic this result includes Theorem 

A. 

Proof. It suffices to deal with the case n = 3 as the proof for the general case 
is similar. Let h = [hi, h2, h^). 

By Theorem B, we get h^^x) = ax^, where a is a positive constant. Without loss 
of generality we may suppose that a = 1. 

Since h^lx) = x^, we have dx-^h^{x) = 1, and therefore |/i'^3(a;)| > 1. In a similar 
way, 1(7^3 (a;) I > 1, where g = h~^. Hence, there exists a constant c = c{K), 

\h\x)\<c and l/c < l{h'{x)) . 

Therefore partial derivatives of h and are bounded from above; and, in partic- 
ular, h is Euclidean bi-Lipschitz. 
Since h^i^x) = x^, 

\h'ix)\ ^ c _ 
h^{x) ~ xs' 

and hence, by Lemma [2.16[ p{h{a), h{h)) < cp{a, h) . □ 



3 Pseudo-isometry and OC \G) 

In this section, we give a sufficient condition for a qc mapping f : G f{G) to be a 
pseudo-isometry w.r.t. quasihyperbolic metrics on G and /(G). First we adopt the 
following notation. 

If is a subset of and u : V R™, we define 

oscyM = sup{ |m(x) — u{y)\ : x,y E V} . 
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Suppose that G C M" and B,^ = B{x,d{x)/2). Let OC^{G) denote the class of 
/ e C\G) such that 

d{x)\f'ix)\<c,oscBj (3.1) 

for every x E G. Similarly, let SC^{G) be the class of functions / G C^{G) such 
that 

< ar-^Uf{x,r) for all B''{x,r) C G, (3.2) 
where Uf{x,r) = sup{|/(?/) — f{x)\ : y G B'"-{x,r)}. 

The proof of Theorem 12. 191 gives the following more general result: 

3.3. Theorem. Suppose that G d W , f : G ^ G' , f e OG^{G) and it 
satisfies the weak property of uniform boundedness with a constant c on G. Then 

(e) / : (G, kc) {G', kc) is Lipschitz. 

(f) In addition, if f is K-qc, then f is pseudo-isonietry w.r.t. quasihyperbolic 
metrics on G and f{G). 

Proof. By the hypothesis / satisfies the weak property of uniform boundedness: 
\f{t) — /(x)| < C2(i(/(x) for every t G B^, that is 

oscbJ <C2d{f{x)) (3.4) 

for every x E G. This inequality together with (13. ip gives d{x)\f'{x)\ < C3d{f{x)). 
Now an application of Lemma [2.161 gives part (e). Since is qc, an application of 
[121 Theorem 3] on gives part (f). □ 



In order to apply the above method we introduce subclasses of OG^{G) (see, for 
example, below (13. Sp ). 

Let / : G ^ G' be a G^ function and B^ = B{x, d{x)/2). We denote by OG'^{G) 
the class of functions which satisfy the following condition: 

sup (i^(x)|A/(a;)| < c osc^^/ (3.5) 

Bx 

for every x G G. 

If / G 0G2(G), then by Theorem 3.9 in fll], applied to Vt = B^, 

sup d{t)\f'it)\ < G(sup \fit) - fix)\ + sup d\t)\Afm 

t&Bx tGBx teBx 

and hence by (13. 5p 

d{x)\f'{x)\<cioscBj (3.6) 

for every x G G and therefore OG^(G) C OG^(G). 

Now the following result follows from the previous theorem. 

3.7. Corollary. Suppose that G C is a proper subdomain, f : G ^ G' is 
K-qc and f satisfies the condition ( 13.5)) . Then f : (G, kc) (G', kc) is Lipschitz. 
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We will now give some examples of classes of functions to which Theorem 13.31 is 
apphcable. Let SC'^iG) denote the class of / G C'^iG) such that 

|A/(x)| < ar-i sup{|/'(y)| : y G 5"(x,r)}, 

for all B'^{x,r) C G, where a is a positive constant. Note that the class SC'^{G) 
contains every function for which d{x)\Af{x)\ < a\f'{x)\, x E G. It is clear that 
SC\G) C OC\G) and by the mean value theorem, OC^iG) C SC^{G). For exam- 
ple, in [39] it is proved that SC'^iG) C SG^{G) and that the class SC'^iG) contains 
harmonic functions, eigenfunctions of the ordinary Laplacian if G is bounded, eigen- 
functions of the hyperbolic Laplacian if G = B" and thus our results are applicable 
for instance to these classes. 
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